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FULL COLORED HOMFLYPT INVARIANTS, COMPOSITE
INVARIANTS AND CONGRUENT SKEIN RELATION
QINGTAO CHEN AND SHENGMAO ZHU
Abstract. In this paper, we investigate the properties of the full colored HOMFLYPT
invariants in the full skein of the annulus C. We show that the full colored HOMFLYPT
invariant has a nice structure when q → 1. The composite invariant is a combination
of the full colored HOMFLYPT invariants. In order to study the framed LMOV type
conjecture for composite invariants, we introduce the framed reformulated composite
invariant Rˇp(L). By using the HOMFLY skein theory, we prove that Rˇp(L) lies in the
ring 2Z[(q−q−1)2, t±1]. Furthermore, we propose a conjecture of congruent skein relation
for Rˇp(L) and prove it for certain special cases.
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1. Introduction
The HOMFLYPT polynomial is probably the most useful two variables link invari-
ant which was first discovered by Freyd-Yetter, Lickorish-Millet, Ocneanu, Hoste and
Przytychi-Traczyk. Based on the work [22] of Turaev, the HOMFLYPT polynomial can
be obtained from the quantum invariant associated with the fundamental representation
of the quantum group Uq(slN) by letting q
N = t. More generally, if we consider the
quantum invariants [21] associated with arbitrary irreducible representations of Uq(slN),
by letting qN = t, we get the colored HOMFLYPT invariants W ~A(L; q, t). See [14] for de-
tailed definition of the colored HOMFLYPT invariants through quantum group invariants
of Uq(slN). The colored HOMFLYPT invariants have an equivalent definition through the
satellite invariants in HOMFLY skein theory which, we refer to [13] for a nice explanation
of this equivalence.
From the view of HOMFLY skein theory, the colored HOMFLYPT polynomial of L
with L components labeled by the corresponding partitions A1, .., AL, can be identified
through the HOMFLYPT polynomial of the link L decorated by QA1 , .., QAL in the skein
of the annuls C. Denote ~A = (A1, .., AL) ∈ PL, the colored HOMFLYPT polynomial of
the link L can be defined by
W ~A(L; q, t) = q
−
∑L
α=1 kAαw(Kα)t−
∑L
α=1 |A
α|w(Kα)〈L ⋆⊗Lα=1QAα〉(1.1)
where w(Kα) is the writhe number of the α-component Kα of L, the bracket 〈L⋆⊗
L
α=1QAα〉
denotes the framed HOMFLYPT polynomial of the satellite link L ⋆ ⊗Lα=1QAα. In fact,
the basis elements QAα used in the above definition of colored HOMFLYPT invariant
are lie in C+ which is the subspace of the full skein of the annulus C. In [18], the basis
elements Qλ,µ are constructed in the full skein C. In particular, when µ = ∅, Qλ,∅ = Qλ.
So it is natural to construct the satellite link invariant by using the elements Qλ,µ. We
introduce the full colored HOMFLYPT invariant for a link L as
W[λ1,µ1],[λ2,µ2],..,[λL,µL](L; q, t)(1.2)
= q−
∑L
α=1(κλα+κµα)w(Kα)t−
∑L
α=1(|λ
α|+|µα|)w(Kα)〈L ⋆⊗Lα=1Qλα,µα〉.
We refer to Section 2 and 3 for a review of the HOMFLY skein theory and the definition
of the full colored HOMFLYPT invariant for an oriented link. We define the special
polynomial for the full colored HOMFLYPT invariant for a link L with L components as
follow:
HL[λ1,µ1],..,[λL,µL](t) = limq→1
W[λ1,µ1],..,[λL,µL](L; q, t)∏L
α=1W[λα,µα](U ; q, t)
.(1.3)
In this paper, we prove
Theorem 1.1. For a link L with L components Kα, α = 1, .., L, we have
HL[λ1,µ1],..,[λL,µL](t) =
L∏
α=1
PKα(1, t)
|λα|+|µα|.(1.4)
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where PK(q, t) is the classical HOMFYPT polynomial.
Given a link L with L components, for ~A = (A1, ..., AL), ~λ = (λ1, ..., λL), ~µ = (µ1, ..., µL) ∈
PL. Let c
~A
~λ,~µ
=
∏L
α=1 c
Aα
λα,µα, where c
Aα
λα,µα denotes the Littlewood-Richardson coefficient
determined by the formula (3.14). M. Marin˜o [16] introduced the composite invariant
H ~A(L) =
∑
~λ,~µ
c
~A
~λ,~µ
W[λ1,µ1],..,[λL,µL](L).(1.5)
And he formulated the LMOV type conjecture forH ~A(L) based on the topological string/Chern-
Simons large N duality [25, 4, 19, 11]. More general, in this paper, we consider the
framed composite invariant H ~A(L) and the corresponding LMOV type conjecture. We
have checked that the LMOV type conjecture for framed composite invariant holds for
torus link T (2, 2k) with small framing τ = (m,n).
In the joint work [1] with K. Liu and P. Peng, for µ ∈ P, we have used the skein element
Pµ ∈ C|µ|,0 to define the reformulate colored HOMFLYPT invariant for a link L as follow:
Z~µ(L) = 〈L ⋆⊗
L
α=1Pµα〉, Zˇ~µ(L) = [~µ]Zˇ~µ(L),(1.6)
where ~µ = (µ1, ..., µL) ∈ PL. From the view of the HOMFLY skein theory, the refor-
mulated colored HOMFLYPT invariant Z~µ(L) (or Zˇ~µ(L)) is simpler than the colored
HOMFLYPT invariant W~µ(L), since the expression of P~µ is simpler than Q~µ and has the
nice property, see [1] for a detailed descriptions. By using the HOMFLY skein theory, we
prove in [1] that the reformulated colored HOMFLYPT invariants satisfy the following
integrality property.
Theorem 1.2. For any link L with L components,
Zˇ~µ(L; q, t) ∈ Z[z
2, t±1].(1.7)
where z = q − q−1.
In particular, when ~µ = ((p), ..., (p)) with L row partitions (p), for p ∈ Z+ . We
use the notation Zˇp(L; q, t) to denote the reformulated colored HOMFLY-PT invariant
Zˇ((p),...,(p))(L; q, t) for simplicity. We proposed two congruent skein relations for Zˇp(L; q, t)
in [1].
In this paper, we introduce an analog reformulated invariant for composite invariant.
First, for any partition ν ∈ P, we associate it a skein element Rν ∈ C by
Rν =
∑
A
χA(ν)
∑
λ,µ
cAλ,µQλ,µ.(1.8)
In particular, when all the µ = ∅ in (1.8), we have Rν = Pν ∈ C|ν|,0. We define the
reformulated composite invariant as follow:
R~ν(L; q, t) = 〈L ⋆⊗α=1Rνα〉, Rˇ~ν(L; q, t) = [~ν]R~ν(L; q, t).(1.9)
Moreover, for p ∈ Z, we use the notation Rˇp(L; q, t) to denote the Rˇ(p),..,(p)(L; q, t) for
simplicity. The reformulated composite invariant Rˇp(L; q, t) can be expressed by the
original reformulated invariants Zˇp.
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Theorem 1.3. For a link L with L components, we have
Rˇp(L; q, t) =
L∑
k=0
∑
1≤α1<α2<···αk≤L
Zˇp(Lα1,α2,..,αk ; q, t).(1.10)
where Lα1,α2,.,αk is the link obtained by reversing the orientations of the α1, .., αk-th com-
ponents of link L.
Combing Theorem 1.2, we obtain the following integrality result:
Theorem 1.4. For any link L, we have
Rˇp(L; q, t) ∈ 2Z[z
2, t±1].(1.11)
Motivated by the study of the framed LMOV type conjecture for composite invari-
ants. We proposed a congruent skein relation for the reformulated composite invariant
Rˇp(L; q, t). When the crossing is the linking between two different components of the
link, we have the following skein relation for Rˇ1 by applying the classical skein relation
for HOMFLYPT polynomial:
Rˇ1(L+; q, t)− Rˇ1(L−; q, t) = [1]
2
(
Rˇ1(L0; q, t)− Rˇ1(L∞; q, t)
)
.(1.12)
where (L+,L−,L0,L∞) denotes the quadruple appears in the classical Kauffman skein
relation. As to Rˇp(L; q, t), we propose
Conjecture 1.5 (Congruent skein relation for the reformulated composite invariants).
For prime p, when the crossing is the linking between two different components of the link,
we have
Rˇp(L+; q, t)− Rˇp(L−; q, t)(1.13)
≡ (−1)p−1p[p]2
(
Rˇp(L0; q, t)− Rˇp(L∞; q, t)
)
mod [p]2{p}2.
where [p] = qp − q−p and {p} = q
p−q−p
q−q−1
.
We have tested a lot of examples for the above conjecture. In particular, we prove the
following theorem in Section 7.
Theorem 1.6. When p = 2, the conjecture holds for L+ = T (2, 2k + 2), L− = T (2, 2k),
L0 = T (2, 2k + 1) and L∞ = U(−2k − 1), where U(−2k − 1) denotes the unknot with
2k + 1 negative kinks.
The rest of this paper is organized as follows. In Section 2, we introduce the HOMFLY
skein model. In Section 3, we define the full colored HOMFLYPT invariants via HOMFLY
skein theory. We compute full colored HOMFLYPT invariants for torus links in Section 4.
We investigate limit behavior of full colored HOMFLYPT invariants in Section 5. In Sec-
tion 6, we first introduce the composite invariants associated to full colored HOMFLYPT
invariants and review the LMOV type conjecture for these composite invariants. Then
we formulate a framed version LMOV type conjecture for framed composite invariants.
We prove this framed LMOV type conjecture in certain special cases. In Section 7, we
first review the conjecture of congruent skein relations for colored HOMFLYPT invari-
ants then we propose a new conjecture of congruent skein relations for composite colored
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Figure 2.
HOMFLYPT invariants. We prove certain examples for this conjecture. In Appendix, we
provide detail computation rules for (reformulated) composite HOMFLYPT invariants.
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2. HOMFLY Skein theory
We follow the notations in [5]. Define the coefficient ring Λ = Z[q±1, t±1] with the
elements qk − q−k admitted as denominators for k ≥ 1. Let F be a planar surface,
the framed HOMFLY-PT skein S(F ) of F is the Λ-linear combination of the orientated
tangles in F , modulo the two local relations as showed in Figure 1 where z = q − q−1, It
is easy to follow that the removal an unknot is equivalent to time a scalar s = t−t
−1
q−q−1
, i.e
we have the relation showed in Figure 2.
2.1. The plane. When F = R2, it is easy to follow that every element in S(F ) can
be represented as a scalar in Λ. For a link L with a diagram DL, the resulting scalar
〈DL〉 ∈ Λ is the framed HOMFLYPT polynomial of the link L. In the following, we will
also use the notation 〈L〉 to denote the 〈DL〉 for simplicity. In particular, as to the unknot
U , we have 〈U〉 = t−t
−1
q−q−1
.
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The classical HOMFLYPT polynomial is defined by
PL(q, t) =
t−w(L)〈L〉
〈U〉
,(2.1)
where w(L) is the writhe number of the link L. Particularly, PU(q, t) = 1.
Remark 2.1. In some physical literatures, such as [16], the self-writhe w¯(L) instead of
w(L) is used in the definition of the HOMFLYPT polynomial (2.1). The relationship
between them is
w(L) = w¯(L) + 2lk(L),(2.2)
where lk(L) is the total linking number of the link L. By definition w¯(L) =
∑L
α=1w(Kα),
if L is a link with L components Kα, α = 1, ..., L.
2.2. The rectangle. We write Hn,m(q, t) for the skein S(F ) of (n,m)-tangle where F is
the rectangle with n inputs and m outputs at the top and matching inputs and outputs
at the bottom. There is a natural algebra structure on Hn,m by placing tangles one above
the another. When m = 0, we write Hn(q, t) = Hn,0(q, t).
The algebra HNn,m(q) is a generalization of the Iwahori-Hecke algebra of type A con-
structed in [8].
Definition 2.2. For integers n,m ≥ 0 and N ≥ n + m, we define HNn,m(q) to be the
associative C(q)-algebra with unit presented by generators g1, g2, · · · , gn−1, e (if m = 1),
g∗1, g
∗
2, · · · , g
∗
m−1 (if m ≥ 2) and the relations:
(1) gigj = gjgi, 1 ≤ i, j ≤ n− 1, |i− j| ≥ 2;
(2) gigi+1gi = gi+1gigi+1, 1 ≤ i ≤ n− 2;
(3) (gi − q)(gi + q−1) = 0, 1 ≤ i ≤ n− 1;
(4) g∗i g
∗
j = g
∗
j g
∗
i , 1 ≤ i, j ≤ m− 1, |i− j| ≥ 2;
(5) g∗i g
∗
i+1g
∗
i = g
∗
i+1g
∗
i g
∗
i+1, 1 ≤ i ≤ m− 2;
(6) (g∗i − q)(g
∗
i + q
−1) = 0, 1 ≤ i ≤ m− 1;
(7) e2 = [N ]e;
(8) egi = gie, 1 ≤ i ≤ n− 2;
(9) eg∗i = g
∗
i e, 2 ≤ i ≤ m− 1;
(10) gig
∗
j = g
∗
j gi, 1 ≤ i ≤ n− 1, 1 ≤ j ≤ m− 1;
(11) egn−1e = q
Ne;
(12) eg∗1e = q
Ne;
(13) eg−1n−1g
∗
1e(gn−1 − g
∗
1) = 0;
(14) (gn−1 − g∗1)eg
−1
n−1g
∗
1e = 0.
If we take t = qN , the skein Hn,m(q, q
N) ∼= HNn,m(q).
2.3. The annulus. Let C be the HOMFLY skein of the annulus, i.e. C = S(S1⊗ I). C is
a commutative algebra with the product induced by placing one annulus outside another.
Let T ∈ Hn,m be a (n,m)-tangle, we denote by Tˆ its closure in the annulus. This is a
Λ-linear map, whose image we write Cn,m. It is clear that every diagram in the annulus
presents an elements in some Cn,m.
As an algebra, C is freely generated by the set {Am : m ∈ Z}, Am for m 6= 0 is the
closure of the braid σ|m|−1 · · ·σ2σ1, and A0 is the empty diagram [23]. It follows that C
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contains two subalgebras C+ and C− which are generated by {Am : m ∈ Z, m ≥ 0} and
{Am : m ∈ Z, m ≤ 0}. The algebra C+ is spanned by the subspace Cn,0. There is a
good basis {Qλ} of C+ consisting of the closures of certain idempotents of Hecke algebra
Hn,0(q, t).
In [5], R. Hadji and H. Morton constructed the basis elements {Qλ,µ} explicitly for C.
We will review this construction in next section.
2.4. Skein involutions. For every surface F , first we can define the mirror map ¯ :
S(F ) → S(F ) as follows. For a tangle T , we define the mirror T¯ to be T with all its
crossings switched. For the coefficient ring Λ, we define the mirror by q¯ = q−1, t¯ = t−1.
For the annulus S1 × I, rotation the diagrams in S1 × I by π about the horizontal
axis through the center of annulus induces a map ∗ : C → C. It is easy to see that
(Am)
∗ = A−m, (C+)∗ = C− and (Cn,m)∗ = Cm,n.
3. Full colored HOMFLYPT invariants
3.1. Partitions and symmetric functions. A partition λ is a finite sequence of positive
integers (λ1, λ2, ..) such that
λ1 ≥ λ2 ≥ · · ·(3.1)
The length of λ is the total number of parts in λ and denoted by l(λ). The degree of λ is
defined by
|λ| =
l(λ)∑
i=1
λi.(3.2)
If |λ| = d, we say λ is a partition of d and denoted as λ ⊢ d. The automorphism group of
λ, denoted by Aut(λ), contains all the permutations that permute parts of λ by keeping
it as a partition. Obviously, Aut(λ) has the order
|Aut(λ)| =
l(λ)∏
i=1
mi(λ)!(3.3)
where mi(λ) denotes the number of times that i occurs in λ. We can also write a partition
λ as
λ = (1m1(λ)2m2(λ) · · · ).(3.4)
Every partition can be identified as a Young diagram. The Young diagram of λ is a
graph with λi boxes on the i-th row for j = 1, 2, .., l(λ), where we have enumerate the
rows from top to bottom and the columns from left to right.
Given a partition λ, we define the conjugate partition λt whose Young diagram is the
transposed Young diagram of λ which is derived from the Young diagram of λ by reflection
in the main diagonal.
Denote by P the set of all partitions. We define the n-th Cartesian product of P as
Pn = P × · · · × P. The elements in Pn denoted by ~A = (A1, .., An) are called partition
vectors.
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The following numbers associated with a given partition λ are used frequently in this
paper:
zλ =
l(λ)∏
j=1
jmj(λ)mj(λ)!,(3.5)
kλ =
l(λ)∑
j=1
λj(λj − 2j + 1).(3.6)
Obviously, kλ is an even number and kλ = −kλt .
The m-th complete symmetric function hm is defined by its generating function
H(t) =
∑
m≥0
hmt
m =
∏
i≥1
1
(1− xit)
.(3.7)
The m-th elementary symmetric function em is defined by its generating function
E(t) =
∑
m≥0
emt
m =
∏
i≥1
(1 + xit).(3.8)
Obviously,
H(t)E(−t) = 1.(3.9)
The power sum symmetric function of infinite variables x = (x1, .., xN , ..) is defined by
pn(x) =
∑
i
xni .(3.10)
Given a partition λ, define
pλ(x) =
l(λ)∏
j=1
pλj(x).(3.11)
The Schur function sλ(x) is determined by the Frobenius formula
sλ(x) =
∑
|µ|=|λ|
χλ(Cµ)
zµ
pµ(x).(3.12)
where χλ is the character of the irreducible representation of the symmetric group S|µ|
corresponding to λ. Cµ denotes the conjugate class of symmetric group S|µ| corresponding
to partition µ. The orthogonality of character formula gives∑
A
χA(Cµ)χA(Cν)
zµ
= δµν .(3.13)
For λ, µ, ν ∈ P, we define the littlewood-Richardson coefficient cνλ,µ as
sλ(x)sµ(x) =
∑
ν
cνλ,µsν(x).(3.14)
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It is easy to see that cνλ,µ can be expressed by the characters of symmetric group by using
the Frobenius formula
cνλ,µ =
∑
ρ,τ
χλ(Cρ)
zρ
χλ(Cτ)
zτ
χν(Cρ∪τ ).(3.15)
3.2. Basic elements in C. Given a permutation π ∈ Sm with the length l(π), let ωπ
be the positive permutation braid associated to π. We have l(π) = w(ωπ), the writhe
number of the braid ωπ.
We define the quasi-idempotent element in Hm:
am =
∑
π∈Sm
ql(π)ωπ(3.16)
Let element hm ∈ Cm,0 be the closure of the elements
1
αm
am ∈ Hm, i.e hm =
1
αm
aˆm. Where
αm is determined by the equation amam = αmam, it gives αm = q
m(m−1)/2
∏m
i=1
qi−q−i
q−q−1
.
The skein C+ (C−) is spanned by the monomials in {hm}m≥0 ({h∗k}k≥0). The whole
skein C is spanned by the monomials in {hm, h∗k}m,k≥0. C+ can be regarded as the ring of
symmetric functions in variables x1, .., xN , .. with the coefficient ring Λ. In this situation,
Cm,0 consists of the homogeneous functions of degree m. The power sum Pm =
∑
xmi
are symmetric functions which can be represented in terms of the complete symmetric
functions, hence Pm ∈ Cm,0. Moreover, we have the identity
{m}Pm = Xm =
m−1∑
j=0
Am−1−j,j .(3.17)
where {m} = q
m−q−m
q−q−1
and Ai,j is the closure of the braid σi+jσi+j−1 · · ·σj+1σ
−1
j · · ·σ
−1
1 .
Given a partition µ, we define
Pµ =
l(µ)∏
i=1
Pµi.(3.18)
3.3. The meridian maps of C. Take a diagram X in the annulus and link it once with
a simple meridian loop, oriented in either direction, to give diagrams ϕ(X) and ϕ¯(x) in
the annulus. This induces linear endmorphisms ϕ, ϕ¯ of the skein C, called the meridian
maps. Each space Cn,m is invariant under ϕ and ϕ¯ [17].
It is showed in [13] that the eigenvectors of ϕ on Cn,0 are identified with Qλ, the closure
of the idempotents in Hecke algebra Hn. Moreover, Qλ can be expressed as explicit integer
polynomials in {hm}m≥0. Then, in [5], Hadji and Morton constructed the eigenvectors of
ϕ on the whole skein C as follow.
3.4. Construction of the elements Qλ,µ. Given two partitions λ, µ with l and r parts.
We first construct a (l+ r)× (l+ r)-matrix Mλ,µ with entries in {hm, h∗k}m,k∈Z as follows,
where we have let hm = 0, if m < 0 and h
∗
k = 0 if k < 0.
10 QINGTAO CHEN AND SHENGMAO ZHU
Mλ,µ =


h∗µr h
∗
µr−1 · · · h
∗
µr−r−l+1
h∗µr−1+1 h
∗
µr−1
· · · h∗µr−1−r−l
· · · · · ·
h∗µ1+(r−1) h
∗
µ1+(r−2)
· · · h∗µ1−l
hλ1−r hλ1−(r−1) · · · hλ1+l−1
· · · · · ·
hλl−l−r+1 hλl−s−r+2 · · · hλl


(3.19)
It is easy to note that the subscripts of the diagonal entries in the h-rows are the parts
λ1, λ2, ..., λl of λ in order, while the subscripts of the diagonal entries in the h
∗-rows are
the parts µ1, µ2, .., µr of µ in reverse order.
Then, Qλ,µ is defined as the determinant of the matrix Mλ,µ.
Qλ,µ = detMλ,µ.(3.20)
Example 3.1. For two partitions λ = (4, 2, 2) and µ = (3, 2). Then
Qλ,µ = det


h∗2 h
∗
1 1 0 0
h∗4 h
∗
3 h
∗
2 h
∗
1 1
h2 h3 h4 h5 h6
0 1 h1 h2 h3
0 0 1 h1 h2

 .(3.21)
Given two partitions λ, µ, define
kλ,µ = (q − q
−1)
(
t
∑
x∈λ
q2c(x) − t−1
∑
x∈µ
q−2c(x)
)
+
t− t−1
q − q−1
(3.22)
where c(x) = j − i is the content of the cell in row i and column j of the diagram. It is
showed in [17] that the set kλ,µ forms a complete set of eigenvalues of the meridian map
ϕ, each occurring with multiplicity 1. Furthermore, it is prove in [5] that the element
Qλ,µ is an eigenvector of the meridian map ϕ, with eigenvalue kλ,µ. Thus {Qλ,µ} forms a
basis of C. Moreover, the basis elements Qλ,µ of C have the property that the product of
any two is a non-negative integer linear combination of basis elements.
Qλ,µ =
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,νQρ,∅Q∅,ν .(3.23)
3.5. Full colored HOMFLYPT invariants. Let L be a framed link with L components
with a fixed numbering. For diagrams Q1, .., QL in the skein model of annulus with the
positive oriented core C+, we define the decoration of L with Q1, .., QL as the link
L ⋆⊗Lα=1Qα(3.24)
which derived from L by replacing every annulus L by the annulus with the diagram Qα
such that the orientations of the cores match. Each Qα has a small backboard neighbor-
hood in the annulus which makes the decorated link L ⊗Lα=1 Qα into a framed link.
In particular, when Qλα,µα ∈ Cdα,tα , where λ
α, µα are the partitions of positive integers
dα and tα respectively, for α = 1, .., L.
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Definition 3.2. The framed full colored HOMFLYPT invariant H(L;⊗Lα=1Qλα,µα) of L
is defined to be the HOMFLYPT polynomial (framing-dependence) of the decorated link
L ⋆⊗Lα=1Qλα,µα, i.e. H(L;⊗
L
α=1Qλα,µα) = 〈L ⋆⊗
L
α=1Qλα,µα〉.
By the result in [3], it is easy to show that the framing factor for Qλ,µ is q
κλ+κµt|λ|+|µ|.
Definition 3.3. The (framing-independence) full colored HOMFLYPT invariant of L is
defined as follow:
W[λ1,µ1],[λ2,µ2],..,[λL,µL](L)(3.25)
= q−
∑L
α=1(κλα+κµα)w(Kα)t−
∑L
α=1(|λ
α|+|µα|)w(Kα)〈L ⋆⊗Lα=1Qλα,µα〉.
In particular, when µα = ∅, for α = 1, ..., L. Then W[λ1,∅],..,[λL,∅](L) is reduced to the
original colored HOMFLYPT invariant W~λ(L) defined in [26].
Example 3.4. For the unknot U , by the formula (3.23), we have
W[λ,ν](U) = 〈Qλ,µ〉 =
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,νs
#
ρ (q, t)s
#
ν (q, t).(3.26)
where s#µ (q, t) denotes the colored HOMFLYPT invariant Wµ(U) of U .
Throughout this paper, we use the notation s#λ,ν(q, t) to denote the full colored HOM-
FLYPT invariant of the unknot W[λ,ν](U).
3.6. Symmetric properties. By the definition the mirror map ¯ and ∗ map, it is easy
to see
Qλ,µ = Qλ,µ, Q
∗
λ,µ = Qµ,λ.(3.27)
For a knot K, we have
H(K;Qλ,µ) = H(K;Q
∗
µ,λ) = H(K;Qµ,λ).(3.28)
where the last equality is followed by the fact that the HOMFLYPT polynomial of a knot
is independent of its orientation. For a link L with L-components, we have
H(L;⊗Lα=1Qλα,µα) = H(L;⊗
L
α=1Q
∗
µα,λα) = H(L;⊗
L
α=1Qµα,λα).(3.29)
Given a partition λ, let λt be its conjugate partition. Then in the skein C we have
Qλ,µ|q→−q−1 = Qλt,µt .(3.30)
Therefore, for a link L, we have
H(L;⊗Lα=1Qλα,µα ; q, t) = H(L;⊗
L
α=1Q(λα)t,(µα)t ;−q
−1, t).(3.31)
4. Full colored HOMFLYPT invariants for torus links
Let us consider the L-component torus link T = T nLmL which is the closure of the framed
mL-braid (βmL)
nL, where (m,n) = 1. The braid βm is showed in Figure 3.
Remark 4.1. In some literatures (such as [14]), the L-component torus link T (mL, nL) is
defined to be the closure of the braid (σ1 · · ·σmL−1)nL. It is clear that T nLmL and T (mL, nL)
represent the same torus link but with different framings.
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T = T nLmL induces a map F
nL
mL : ⊗
L
α=1Cdα,rα → Cm(∑Lα=1 dα),m(
∑L
α=1 rα)
by taking an element
⊗Lα=1Qλα,µα to T
nL
mL ⋆ ⊗
L
α=1Qλα,µα . We define τ = F
1
1 , then τ is the framing change map.
Thus if we let
τ(Qλ,µ) = τλ,µQλ,µ(4.1)
then τλ,µ = q
κλ+κµt|λ|+|µ|. We define the fractional twist map τ
n
m : C → C as the linear
map on the basis Qλ,µ given by
τ
n
m (Qλ,µ) = (τλ,µ)
n
mQλ,µ.(4.2)
In the following, we give an explicit expression for F nLmL(⊗
L
α=1Qλα,µα). Let Λx and Λx∗
be the rings of symmetric functions with variables (x1, x2, ....) and (x
∗
1, x
∗
2, ...) respectively.
The Schur functions sλ(x)(λ ∈ P) forms a basis of the ring Λx [15]. It is showed in [9]
that the polynomials sλ,µ(x; x
∗)(λ, µ ∈ P) (the notation [λ, µ]GL in [9]) forms a Z basis of
the ring Λx⊗Λx∗ . We define the m-th Adams operator Ψm on Λx and Λx⊗Λx∗ as follow:
Ψm(sλ(x)) = sλ(x
m), Ψm(sλ,µ(x; x
∗)) = sλ,µ(x
m; x∗m).(4.3)
Since C+ is isomorphic to the ring Λx. C is isomorphic to the ring Λx ⊗ Λx∗ . For any
Q ∈ Cd,r, Ψm(Q) is well-defined. Moreover, Ψm(Q) ∈ Cmd,mr .
We have the following formula which is the generalization of Theorem 13 showed in [18]
F nLmL(⊗
L
α=1Qλα,µα) = τ
n
m (
L∏
α=1
Ψm(Qλα,µα)).(4.4)
Since {Qλ,µ : λ, µ ∈ P, |λ| = d, |µ| = r} forms a basis of Cd,r, we have the expansion
L∏
α=1
Ψm(Qλα,µα) =
∑
ρ,ν
C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
Qρ,ν ,(4.5)
where C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
are the coefficients given by the following formula
L∏
α=1
Ψm(sλα,µα(x; x
∗)) =
∑
ρ,ν
C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
sρ,ν(x; x
∗).(4.6)
By the definition of the fractional twist map of τ
n
m , we obtain
F nLmL(⊗
L
α=1Qλα,µα) =
∑
ρ,ν
C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
q
n
m
(κρ+κν)t
n
m
(|ρ|+|ν|)Qρ,ν .(4.7)
Figure 3.
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Therefore, by Definition 3.3, the full colored HOMFLYPT invariants of the torus link T nLmL
is given by
W[λ1,µ1],..,[λL,µL](T
nL
mL)(4.8)
= q−m·n
∑L
α=1(κλα+κµα )t−n·m
∑L
α=1(|λ
α|+|µα|)〈F nLmL(⊗
L
α=1Qλα,µα)〉
= q−m·n
∑L
α=1(κλα+κµα )t−n·m
∑L
α=1(|λ
α|+|µα|)∑
ρ,ν
C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
q
n
m
(κρ+κν)t
n
m
(|ρ|+|ν|)〈Qρ,ν〉.
where 〈Qρ,ν〉 = s#ρ,ν(q, t) is the full colored HOMFLYPT invariant of the unknot U .
Now, let us give the explicit expression of the coefficient C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
. We need the
following formulas in [9].
sξ,η(x; x
∗)sρ,ν(x; x
∗) = M
[λ,µ]
[ξ,η],[ρ,ν]sλ,µ(x; x
∗),(4.9)
where
M
[λ,µ]
[ξ,η],[ρ,ν] =
∑
β,γ,θ,δ
(∑
σ
cξσ,βc
ν
σ,γ
)(∑
ǫ
cηǫ,θc
ρ
ǫ,δ
)
cλβ,δc
µ
γ,θ.(4.10)
sλ,µ(x; x
∗) =
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,νsρ(x)sν(x
∗).(4.11)
sλ(x)sµ(x
∗) =
∑
ǫ,ρ,ν
cλǫ,ρc
µ
ǫ,νsρ,ν(x; x
∗).(4.12)
Let Cρλ;m and C
[ρ,ν]
[λ,µ];m be the coefficients determined by the following formulas:
Ψm(sλ(x)) =
∑
ρ
Cρλ;msρ(x), Ψm(sλ,µ(x; x
∗)) =
∑
ρ,ν
C
[ρ,ν]
[λ,µ];msρ,ν(x; x
∗).(4.13)
By formula (4.11), we have
Ψm(sλ,µ(x; x
∗)) =
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,νΨm(sρ(x))Ψm(sν(x
∗))(4.14)
=
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,ν
∑
δ,θ
Cδρ;mC
θ
ν;msδ(x)sθ(x
∗)
=
∑
σ,ρ,ν
(−1)|σ|cλσ,ρc
µ
σt,ν
∑
δ,θ
Cδρ;mC
θ
ν;m
∑
ǫ,β,γ
cδǫ,βc
θ
ǫ,γsβ,γ(x; x
∗)
Hence, we obtain
C
[β,γ]
[λ,µ];m =
∑
σ,ρ,ν,δ,θ,ǫ
(−1)|σ|cλσ,ρc
µ
σt,νC
δ
ρ;mC
θ
ν;mc
δ
ǫ,βc
θ
ǫ,γ.(4.15)
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Therefore, as to the torus knot T nm, the full HOMFLYPT invariant is given by
W[λ,µ](T
n
m; q, t)(4.16)
= q−m·n(κλ+κµ)t−n·m(|λ|+|µ|)
∑
ρ,ν
C
[ρ,ν]
[λ,µ];mq
n
m
(κρ+κν)t
n
m
(|ρ|+|ν|)s#ρ,ν(q, t).
Finally, by formula (4.9), we have
L∏
α=1
Ψm(sλα,µα(x; x
∗))(4.17)
=
∑
β1,γ1
M
[β1,γ1]
[λ1,µ1],[λ2,µ2]Ψm(sβ1,γ1(x; x
∗))
L∏
α=3
Ψm(sλα,µα(x; x
∗))
= · · ·
=
∑
βα,γα
M
[β1,γ1]
[λ1,µ1],[λ2,µ2]M
[β2,γ2]
[β1,γ1],[λ3,µ3] · · ·M
[βL−1,γL−1]
[βL−2,γL−2],[λL,µL]
Ψm(sβL−1,γL−1(x; x
∗))
=
∑
βα,γα
M
[βL−1,γL−1]
[λ1,µ1],[λ2,µ2],...,[λL,µL]
C
[ρ,ν]
[βL−1,γL−1];m
sρ,ν(x; x
∗).
where we have let
M
[βL−1,γL−1]
[λ1,µ1],[λ2,µ2],...,[λL,µL]
=
∑
βα,γα,α=1,..,L−2
M
[β1,γ1]
[λ1,µ1],[λ2,µ2]M
[β2,γ2]
[β1,γ1],[λ3,µ3] · · ·M
[βL−1,γL−1]
[βL−2,γL−2],[λL,µL]
(4.18)
Thus, we obtain the following formula
C
[ρ,ν]
[λ1,µ1],..,[λL,µL];m
=
∑
β,γ
M
[β,γ]
[λ1,µ1],[λ2,µ2],...,[λL,µL]
C
[ρ,ν]
[β,γ];m.(4.19)
Combing the formula (4.16), we get the expression for the full HOMFLYPT invariant for
torus link T nLmL:
W[λ1,µ1],..,[λL,µL](T
nL
mL) = q
−nm
∑L
α=1(κλα+κµα)t−nm
∑L
α=1(|λ
α|+|µα|)(4.20) ∑
β,γ
M
[β,γ]
[λ1,µ1],...,[λL,µL]
qnm(κβ+κγ)tnm(|β|+|γ|)W[β,γ](T
n
m; q, t).
Since W[λ1,µ1],..,[λL,µL](L) is a framing-independent invariant, we also have
W[λ1,µ1],..,[λL,µL](T (mL, nL)) =W[λ1,µ1],..,[λL,µL](T
nL
mL).(4.21)
Example 4.2. As to the torus knot T (2, 2k + 1), we have
W[(1),(1)](T (2, 2k + 1)) = t
−8k−4
(
1 + q−4k−2t4k+2s#(12),(12)(4.22)
−t4k+2s#(12),(2) − t
4k+2s#(2),(12) + q
4k+2t4k+2s#(2),(2)
)
.
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W[(2),(1)](T (2, 2k + 1)) = q
−8k−4t−12k−6
(
−q−2k−1t2k+1s#(12),∅ + q
2k+1t2k+1s#(2),∅
(4.23)
−q−2k−1t6k+3s#(22),(12) + q
2k+1t6k+3s#(22),(2) + q
2k+1t6k+3s#(31),(12)
−q6k+3t6k+3s#(31),(2) − q
10k+5t6k+3s#(4),(12) + q
14k+7t6k+3s#(4),(2)
)
.
W[(12),(1)](T (2, 2k + 1)) = q
8k+4t−12k−6
(
−q−2k−1t2k+1s#(12),∅ + q
2k+1t2k+1s#(2),∅
(4.24)
−q−14k−7t6k+3s#(14),(12) + q
−10k−5t6k+3s#(14),(2) + q
−6k−3t6k+3s#(212),(12)
−q−2k−1t6k+3s#(212),(2) − q
−2k−1t6k+3s#(22),(12) + q
2k+1t6k+3s#(22),(2)
)
.
W[(12),(12)](T (2, 2k + 1)) = q
16k+8t−16k−8
(
1 + q−4k−2t4k+2s#(12),(12) − t
4k+2s#(12),(2)
(4.25)
−t4k+2s#(2),(12) + q
4k+2t4k+2s#(2),(2) + q
−24k−12t8k+4s#(14),(14)
−q−16k−8t8k+4s#(14),(212) + q
−12k−6t8k+4s#(14),(22)
−q−16k−8t8k+4s#(212),(14) + q
−8k−4t8k+4s#(212),(212) − q
−4k−2t8k+4s#(212),(22)
+q−12k−6t8k+4s#(22),(14) − q
−4k−2t8k+4s#(22),(212) + t
8k+4s#(22),(22)
)
.
W[(12),(2)](T (2, 2k + 1)) = t
−16k−8
(
q−4k−2t4k+2s#(12),(12) − t
4k+2s#(12),(2) − t
4k+2s#(2),(12)
(4.26)
+q4k+2t4k+2s#(2),(2) + q
−12k−6t8k+4s#(14),(22) − q
−8k−4t8k+4s#(14),(31)
+t8k+4s#(14),(4) − q
−4k−2t8k+4s#(212),(22) + t
8k+4s#(212),(31) − q
8k+4t8k+4s#(212),(4)
+t8k+4s#(22),(22) − q
4k+2t8k+4s#(22),(31) + q
12k+6t8k+4s#(22),(4)
)
.
W[(2),(2)](T (2, 2k + 1)) = q
−16k−8t−16k−8
(
1 + q−4k−2t4k+2s#(12),(12) − t
4k+2s#(12),(2)
(4.27)
−t4k+2s#(2),(12) + q
4k+2t4k+2s#(2),(2) + t
8k+4s#(22),(22)
−q4k+2t8k+4s#(22),(31) + q
12k+6t8k+4s#(22),(4) − q
4k+2t8k+4s#(31),(22)
+q8k+4t8k+4s#(31),(31) − q
16k+8t8k+4s#(31),(4) + q
12k+6t8k+4s#(4),(22)
−q16k+8t8k+4s#(4),(31) + q
24k+12t8k+4s#(4),(4)
)
.
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5. Special polynomials
For a knot K and a partition λ ∈ P, P. Dunin-Barkowski, A. Mironov, A. Morozov, A.
Sleptsov and A. Smirnov [2] defined the following special polynomial
HKλ (t) = lim
q→1
Wλ(K; q, t)
Wλ(U ; q, t)
.(5.1)
In particular, when λ = (1), we have
HK(1)(t) = lim
q→1
W(1)(K; q, t)
W(1)(U ; q, t)
= PK(1, t)(5.2)
where PK(q, t) is the HOMFLYPT polynomial as defined in (2.1).
After testing many examples [2, 6, 7], they proposed the following conjectural formula:
HKλ (t) = H
K
(1)(t)
|λ|.(5.3)
A rigid mathematical proof of the formula (5.3) is given in [12] and [26] with different
methods. In fact, they have proved that the formula (5.3) holds for any link L. The
special polynomial for a link L with L components is defined as follow:
HL~λ (t) = limq→1
W~λ(L; q, t)
W~λ(U
⊗L; q, t)
.(5.4)
Theorem 5.1 ([12] and [26]). Given ~λ = (λ1, .., λL) ∈ PL and a link L with L components
Kα, α = 1, .., L, then we have
HL~λ (t) =
L∏
α=1
HKα(1) (a)
|λα|.(5.5)
We can also define the special polynomial for full colored HOMFLYPT invariant for a
link L with L components similarly:
HL[λ1,µ1],..,[λL,µL](t) = limq→1
W[λ1,µ1],..,[λL,µL](L; q, t)∏L
α=1W[λα,µα](U ; q, t)
.(5.6)
Theorem 5.2. For a link L with L components Kα, α = 1, .., L, we have
HL[λ1,µ1],..,[λL,µL](t) =
L∏
α=1
PKα(1, t)
|λα|+|µα|.(5.7)
In order to prove the Theorem 5.2, we need introduce a classical result due to Lichorish
and Millet [10] which showed that for a given link L with L components, the lowest power
of q − q−1 in the HOMFLYPT polynomial PL(q, t) is 1− L.
Theorem 5.3 (Lickorish-Millett [10]). Let L be a link with L components. The HOM-
FLYPT polynomial has the expansion
PL(q, t) =
∑
g≥0
pL2g+1−L(t)(q − q
−1)2g+1−L(5.8)
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which satisfies
pL1−L(t) = t
−2lk(L)(t− t−1)L−1
L∏
α=1
pKα0 (t)(5.9)
where pKα0 (t) is the HOMFLYPT polynomial of the α-th component of the link L with
q = 1, i.e. pKα0 (t) = PKα(1, t).
By the definition in our notation (2.1), we have
〈L〉 =
∑
g≥0
pˆL2g+1−L(t)(q − q
−1)2g−L(5.10)
where pˆL2g+1−L(t) = t
w(L)pL2g+1−L(t)(t− t
−1). Hence
pˆL1−L(t) = t
w¯(L)(t− t−1)L
L∏
α=1
pKα0 (t)(5.11)
by the formula (2.2).
We now give the proof of the Theorem 5.2.
Proof. We only give the proof for the case of a knot K. It is easy to generalize the proof
for any link L. Given two partitions λ and µ with |λ| = n and |µ| = m, since
Qλ,µ = QλQ
∗
µ +
∑
σ 6=∅
(−1)|σ|cλσ,ρc
µ
σt,νQρQ
∗
ν(5.12)
=
χλ(C(1n))χµ(C(1m))
z(1n)z(1m)
P(1n)P
∗
(1m) +
∑
s
LTs.
where the leading term
χλ(C(1n))χµ(C(1m))
z(1n)z(1m)
P(1n)P
∗
(1m) has (m+ n)-components by (3.17) and
LTs denotes the terms with components less than (n+m) in the skein C .
By the Definition 3.3, we have
W[λ,µ](K; q, t)(5.13)
= q−(κλ+κµ)w(K)t−(n+m)w(K)〈K ⋆ Qλ,µ〉
= q−(κλ+κµ)w(K)t−(n+m)w(K)
(
χλ(C(1n))χµ(C1m)
z(1n)z(1m)
〈K ⋆ P(1n)P
∗
(1m)〉+
∑
s
〈K ⋆ LTs〉
)
and
s#λ,µ(q, t) =
(
χλ(C(1n))χµ(C(1m))
z(1n)z(1m)
(
t− t−1
q − q−1
)n+m
+
∑
s
〈LTs〉
)
.(5.14)
Since K⋆P(1n)P
∗
(1m) is a link with n+m components, according to the expansion formula
(5.10), we have
〈K ⋆ P(1n)P
∗
(1m)〉 =
∑
g≥0
pˆ
K⋆P(1n)P
∗
(1m)
2g+1−(n+m) (t)(q − q
−1)2g−(n+m).(5.15)
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For K ⋆ LTs with link components L(K ⋆ LTs) ≤ n +m− 1, we also have
〈K ⋆ LTs〉 =
∑
g≥0
pˆK⋆LTs2g+1−L(K⋆LTs)(t)(q − q
−1)2g−L(K⋆LTs).(5.16)
Since
χλ(C(1n))χµ(C(1m))
z(1n)z(1m)
6= 0, by a direct calculation, we obtain
lim
q→1
W[λ,µ](K; q, t)
s#[λ,µ](q, t)
=
t−(n+m)w(K)pˆ
K⋆P(1n)P
∗
(1m)
1−(n+m) (t)
(t− t−1)n+m
(5.17)
According to the formula (5.11),
pˆ
K⋆P(1n)P
∗
(1m)
1−(n+m) (t) = t
w¯(K⋆P(1n)P
∗
(1m)
)(t− t−1)n+m(pK0 (t))
n+m.(5.18)
Moreover, it is clear that w¯(K ⋆ P(1n)P
∗
(1m)) = (n+m)w(K), thus we have
lim
q→1
W[λ,µ](K; q, t)
s#[λ,µ](q, t)
= pK0 (t)
n+m = PK(1, t)
n+m.(5.19)

6. Composite invariants and integrality property
6.1. LMOV type conjecture for composite invariants. Given a link L with L
components, for ~A = (A1, ..., AL), ~λ = (λ1, ..., λL), ~µ = (µ1, ..., µL) ∈ PL. Let c
~A
~λ,~µ
=∏L
α=1 c
Aα
λα,µα, where c
Aα
λα,µα is the Littlewood-Richardson coefficient. We define the compos-
ite invariant
H ~A(L) =
∑
~λ,~µ
c
~A
~λ,~µ
W[λ1,µ1],..,[λL,µL](L).(6.1)
The Chern-Simons partition function for composite invariant is the generating function
given by
ZCS(L; q, t) =
∑
~A
H ~A(L; q, t)s ~A(x).(6.2)
There exists the functions h ~A(L; q, t) determined by the following expansion
FCS = logZCS =
∞∑
d=1
1
d
∑
~A
h ~A(q
d, td)s ~A(x
d).(6.3)
For convenience, we introduce the notation
TAB(x) =
∑
µ
χA(Cµ)χB(Cµ)
zµ
pµ(x).(6.4)
By the orthogonal relation of the character, we obtain
T−1AB(x) =
∑
µ
χA(Cµ)χB(Cµ)
zµ
1
pµ(x)
.(6.5)
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In particularly,
TAB(q
ρ) =
∑
µ
χA(Cµ)χB(Cµ)
zµ
l(µ)∏
i=1
1
qµi − q−µi
(6.6)
where qρ = (q−1, q−3, q−5, ...).
In 2009, M. Marin˜o [16] proposed the following conjecture:
Conjecture 6.1. Let z = q − q−1, we have
hˆ ~B(q, t) =
∑
~A
h ~A(q, t)T ~A~B(q
ρ) ∈ z−2Z[z2, t±1].(6.7)
In other words, there exist integer invariants N ~B,g,Q such that
hˆ ~B(q, t) =
∑
g≥0
∑
Q∈Z
N ~B,g,Qz
2g−2tQ.(6.8)
The Conjecture 6.1 was checked for a lot of torus knots and links in [16, 24].
6.2. The framed LMOV type conjecture for composite invariants. In this sub-
section, we introduce the framed LMOV type conjecture for composite invariants. The
Conjecture 6.1 can be viewed as a particular case of this framed LMOV type conjecture
with framing zero.
Given a link L with L components Kα, α = 1, ..., L. We define the framed Chern-Simons
partition function as
ZCS(L; q, t)(6.9)
=
∑
λα,µα∈P
(−1)
∑L
α=1 w(Kα)(|λ
α|+|µα|)H(L;⊗Lα=1Qλα,µα)
L∏
α=1
sλα(x
α)sµα(x
α)
=
∑
~A∈PL
(−1)
∑L
α=1 w(Kα)|A
α|H ~A(L; q, t)s ~A(x).
where H ~A(L; q, t) is the framed composite invariant defined as follow:
H ~A(L; q, t) =
∑
~λ,~µ∈PL
c
~A
~λ,~µ
H(L;⊗Lα=1Qλα,µα).(6.10)
There also exist functions h ~A(L; q, t) such that:
FCS = logZCS =
∞∑
d=1
1
d
∑
~A∈PL, ~A 6=0
h ~A(L; q, t)s ~A(~x
d).(6.11)
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Conjecture 6.2 (Framed LMOV type conjecture for composite invariants). For a link L
with L components, we have
hˆ ~B(L; q, t) =
∑
~A
h ~A(L; q, t)
L∏
α=1
TAαBα(q
ρ)(6.12)
=
∞∑
g=0
∑
Q∈Z
N ~B;g,Q(q − q
−1)2g−2tQ ∈ z−2Z[z2, t±1].
In other words, all N ~B,g,Q ∈ Z, and N ~B,g,Q vanishes for large g,Q.
The Conjecture 6.2 was studied first in [20]. However, it was only checked for torus
knots in that paper. In this paper, we have checked a lot of examples for torus links. In
the following, we provide the example for Hopf link with different framings.
Example 6.3. As to the Hopf link T (2, 2), it has two components K1 and K2. In fact,
K1 = K2 = U . We use the notation T (2, 2)(m,n) to denote the link obtained by adding
m and n kinks to K1 and K2 respectively. Thus, the link T (2, 2)(m,n) has the framing
τ = (τ1, τ2) = (m,n).
We have computed hˆ ~B(T (2, 2)(m,n); q, t) for small m,n and
~B.
(1) For T (2, 2)(0, 0):
hˆ(2)(2) = (t
2 − 1)((t−2 − 7 + 6t2)z−2 + 2t2).
hˆ(2)(12) = (t
2 − 1)(−2t−4 + 3t−2 − 3 + 2t2)z−2.
hˆ(12)(2) = (t
2 − 1)(−2t−4 + 3t−2 − 3 + 2t2)z−2.
hˆ(12)(12) = (t
2 − 1)((−6t−4 + 7t−2 − 1)z−2 − 2t−4).
(2)For T (2, 2)(1,−1):
hˆ(2)(2) = (t
2 − 1)((7t−2 − 11 + 4t2)z−2 + (−2 + 2t2)).
hˆ(2)(12) = (t
2 − 1)((−2t−4 + 19t−2 − 19 + 2t2)z−2 + (4t−2 − 4)).
hˆ(12)(2) = (t
2 − 1)(−2t−4 + 3t−2 − 3 + 2t2)z−2.
hˆ(12)(12) = (t
2 − 1)((−4t−4 + 11t−2 − 7)z−2 + (−2t−4 + 2t−2)).
(3)For T (2, 2)(1, 0):
hˆ(2)(2) = (t
2 − 1)((3− 17t2 + 14t4)z−2 + (−4t2 + 10t4) + 2t4z2).
hˆ(2)(12) = (t
2 − 1)((7− 11t2 + 4t4)z−2 + (−2t2 + 2t4)).
hˆ(12)(2) = (t
2 − 1)((1− 7t2 + 6t4)z−2 + 2t4)
hˆ(12)(12) = (t
2 − 1)(−2t−2 + 3− 3t2 + 2t4)z−2
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(4) For T (2, 2)(−1, 0):
hˆ(2)(2) = (t
2 − 1)(−2t−6 + 3t−4 − 3t−2 + 2)z−2
hˆ(2)(12) = (t
2 − 1)((−6t−6 + 7t−4 − t−2)z−2 − 2t−6)
hˆ(12)(2) = (t
2 − 1)((−4t−6 + 11t−4 − 7t−2)z−2 + (−2t−6 + 2t−4))
hˆ(12)(12) = (t
2 − 1)((−14t−6 + 17t−4 − 3t−2)z−2 + (−10t−6 + 4t−4)− 2t−6z2)
(5) For T (2, 2)(1, 1):
hˆ(2)(2) = (t
2 − 1)((9t2 − 39t4 + 30t6)z−2 + (−16t4 + 34t6) + (−2t4 + 14t6)z2 + 2t6z4).
hˆ(2)(12) = (t
2 − 1)((3t2 − 17t4 + 14t6)z−2 + (−4t4 + 10t6) + 2t6z2).
hˆ(12)(2) = (t
2 − 1)((3t2 − 17t4 + 14t6)z−2 + (−4t4 + 10t6) + 2t6z2).
hˆ(12)(12) = (t
2 − 1)((t2 − 7t4 + 6t6)z−2 + 2t6).
7. Reformulated composite invariants and congruent skein relation
7.1. Review of the previous work. In the joint work [1] with K. Liu and P. Peng,
for µ ∈ P, we use the skein element Pµ ∈ C|µ|,0 to introduce the reformulated colored
HOMFLYPT invariant for a link L. Let ~µ = (µ1, ..., µL) ∈ PL,
Z~µ(L) = 〈L ⋆⊗
L
α=1Pµα〉, Zˇ~µ(L) = [~µ]Zˇ~µ(L).(7.1)
The framed LMOV conjecture is reduced to the study of the properties of these reformu-
lated colored HOMFLYPT invariants. From the view of the HOMFLY skein theory, the
reformulated colored HOMFLYPT invariant Z~µ(L) or Zˇ~µ(L) is simpler than the colored
HOMFLYPT invariant W~µ(L), since the expression of P~µ is simpler than Q~µ and has the
nice property, see [1] for a detailed descriptions. By using the HOMFLY skein theory, we
prove in [1] that the reformulated colored HOMFLYPT invariants satisfy the following
integrality property.
Theorem 7.1. For any link L with L components,
Zˇ~µ(L; q, t) ∈ Z[z
2, t±1].(7.2)
where z = q − q−1.
In particular, when ~µ = ((p), ..., (p)) with L row partitions (p), for p ∈ Z+ . We
use the notation Zˇp(L; q, t) to denote the reformulated colored HOMFLY-PT invariant
Zˇ((p),...,(p))(L; q, t) for simplicity. We have proposed the following congruent skein relations
for the reformulated colored HOMFLY-PT invariant Zˇp(L; q, t) in [1]:
Conjecture 7.2. For any link L and a prime number p, we have
Zˇp(L+; q, t)− Zˇp(L−; q, t) ≡ (−1)
p−1Zˇp(L0; q, t) mod {p}
2,(7.3)
when the crossing is the self-crossing of a knot, and
Zˇp(L+; q, t)− Zˇp(L−; q, t) ≡ (−1)
p−1p[p]2Zˇp(L0; q, t) mod {p}
2[p]2.(7.4)
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when the crossing is the linking of two different components of the link L. Where the
notation A ≡ B mod C denotes A−B
C
∈ Z[(q − q−1)2, t±1]. And [p] = qp − q−p, {p} =
(qp − q−p)/(q − q−1).
The Conjecture 7.2 has been tested by a lot of examples in [1]. As the application, we
have the following result for any link L.
Corollary 7.3 (Assuming Conjecture 7.2 is right). Let L be a link with L components
Kα, α = 1, ..., L. Define w¯(L) =
∑L
α=1w(Kα), w(K) denotes the writhe number of the
knot K. For any prime number p, we have
Zˇp(L; q, t) ≡ (−1)
(p−1)w¯(L)Zˇ1(L; q
p, tp) mod {p}2.(7.5)
In fact, Corollary 7.3 is equivalent to the framed LMOV conjecture in a special case.
In conclusion, these beautiful structures of the reformulated colored HOMFLYPT in-
variant convince us that it is natural to study the reformulated colored HOMFLYPT
invariant Z~µ(L) or Zˇ~µ(L) instead of W~µ(L) in HOMFLY skein theory.
7.2. Reformulated composite invariants. In the following, we introduce an analog
reformulated invariant for composite invariant. First, for any partition ν ∈ P, we associate
it a skein element Rν ∈ C by
Rν =
∑
A
χA(ν)
∑
λ,µ
cAλ,µQλ,µ.(7.6)
In particular, when all the µ = ∅ in (7.6), we have Rν = Pν ∈ C|ν|,0.
Definition 7.4. For a link with L components, we define the reformulated composite
invariants
R~ν(L; q, t) = 〈L ⋆⊗α=1Rνα〉, Rˇ~ν(L; q, t) = [~ν]R~ν(L; q, t).(7.7)
Moreover, for p ∈ Z, we use the notation Rˇp(L) to denote the Rˇ(p),..,(p)(L) for simplicity.
By this definition, the framed Chern-Simons partition ZCS(L) defined in (6.9) can be
rewrote in a neat form:
ZCS(L; q, t) =
∑
~ν∈PL
(−1)
∑L
α=1 w(Kα)|ν
α|R~ν(L; q, t)p~ν(x).(7.8)
As in [1], we reduce the study of the framed Marin˜o conjecture to investigate the properties
of R~ν(L; q, t) ( or Rˇ~ν(L; q, t)).
The detailed calculations showed in Appendix leads to the following expression for Rν
in the full skein C.
Rν =
∑
A
χA(ν)
∑
λ,µ
cAλ,µQλ,µ(7.9)
=
∑
B∪C=ν
zν
zBzC
PBP
∗
C +
∑
B∪C=ν
◦∑
τ∪η=B
◦∑
τ∪π=C
zν
zηzτzπ
(−1)l(τ)PηP
∗
π .
Thus, in particular, for the partition ν = (p), we have
R(p) = Pp + P
∗
p .(7.10)
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For an oriented knot K, we reverse its orientation and denote the new knot as K∗. In
other words, K and K∗ are two same knots but with the opposite orientation. Because for
a knot, the HOMFLY skein relation is independent of the orientation of knot, we obtain
〈K〉 = 〈K∗〉. Furthermore, let Q ∈ C, we have
〈K ⋆ Q∗〉 = 〈K∗ ⋆ Q〉 = 〈(K ⋆ Q)∗〉 = 〈K ⋆ Q〉.(7.11)
Hence for a knot K, we have
Rˇp(K) = [p]〈K ⋆ R(p)〉 = [p](〈K ⋆ Pp〉+ 〈K ⋆ P
∗
p 〉) = 2[p]〈K ⋆ Pp〉 = 2Zˇp(K).(7.12)
Now we consider the case of link. Let L be an oriented link with L components Kα with
α = 1, 2, .., L. For convenience, we also write L = K1⊔K2⊔· · ·⊔KL. We use the notation
L∗ to denote the new link obtained by reversing the orientations of all components, i.e.
L∗ = K∗1 ⊔ K
∗
2 ⊔ · · · ⊔ K
∗
L. Similarly, we have 〈L〉 = 〈L
∗〉. Furthermore, given Qα ∈ C, for
α = 1, .., L, we also have
〈L ⋆⊗LαQ
∗
α〉 = 〈L
∗ ⋆⊗LαQα〉 = 〈(L ⋆⊗
L
αQα)
∗〉 = 〈L ⋆⊗LαQα〉.(7.13)
Let 1 ≤ α1 < α2 < · · · < αk ≤ L be the indices in {1, 2, ..., L}. By reversing the
orientations of the components Kα1 , ..,Kαk , we obtain the new link
Lα1,α2,.,αk = K1 ⊔ K2 ⊔ · · ·K
∗
α1
⊔ · · ·K∗α2 ⊔ · · ·K
∗
αk
⊔ · · · ⊔ KL.(7.14)
It is obvious that
L∗α1,α2,.,αk = L1,2,..,αˆ1,..,αˆ2,..,αˆk,..,L(7.15)
where αˆi denotes the index αi is omitted.
Combing the above notations, by the formula (7.10), we finally have
Theorem 7.5.
Rˇp(L) =
L∑
k=0
∑
1≤α1<α2<···αk≤L
Zˇp(Lα1,α2,..,αk).(7.16)
By Theorem 7.1, we obtain the following integrality result:
Theorem 7.6. For any link L, we have
Rˇp(L; q, t) ∈ Z[z
2, t±1].(7.17)
Remark 7.7. In fact, Rˇp(L; q, t) ∈ 2Z[z2, t±1]. Since
Zˇp(Lα1,α2,.,αk) = Zˇp(L1,2,..,αˆ1,..,αˆ2,..,αˆk,..,L)(7.18)
by (7.13) and (7.15). The 2L terms in the summation of (7.16) is reduce to 2×2L−1 terms.
Example 7.8. When L = 2, L = K1 ⊔ K2. We have
Rˇp(K1 ⊔ K2) = [p]
2(Z(p),(p)(K1 ⊔ K2) + Z(p),(p)(K
∗
1 ⊔ K
∗
2)(7.19)
+ Z(p),(p)(K
∗
1 ⊔ K2) + Z(p),(p)(K1 ⊔ K
∗
2))
= 2[p]2(Z(p),(p)(K1 ⊔ K2) + Z(p),(p)(K1 ⊔ K
∗
2)) ∈ 2Z[z
2, t±1].
Where the second ”=” is since Z(p),(p)(K1⊔K2) = Z(p),(p)(K∗1⊔K
∗
2) and Z(p),(p)(K
∗
1⊔K2) =
Z(p),(p)(K1 ⊔K
∗
2)). Because changing all the orientations of the components of a link does
not change the HOMFLYPT invariant.
24 QINGTAO CHEN AND SHENGMAO ZHU
7.3. Congruent skein relation. When the crossing is the linking between two different
components of the link, we have the following skein relation for Rˇ1 by applying the
classical skein relation for HOMFLYPT polynomial, we get
Rˇ1(L+; q, t)− Rˇ1(L−; q, t) = [1]
2
(
Rˇ1(L0; q, t)− Rˇ1(L∞; q, t)
)
,(7.20)
where (L+,L−,L0,L∞) denotes the quadruple appears in the classical Kauffman skein
relation. As to Rˇp(L; q, t), we propose
Conjecture 7.9 (Congruent skein relation for reformulated composite invariants). For
prime p, when the crossing is the linking between two different components of the link, we
have
Rˇp(L+; q, t)− Rˇp(L−; q, t)(7.21)
≡ (−1)p−1p[p]2
(
Rˇp(L0; q, t)− Rˇp(L∞; q, t)
)
mod [p]2{p}2.
We have tested a lot of examples for the above conjecture. In particular, we have the
following result.
Theorem 7.10. When p = 2, the conjecture holds for L+ = T (2, 2k+2), L− = T (2, 2k),
L0 = T (2, 2k + 1) and L∞ = U(−2k − 1), where U(−2k − 1) denotes the unknot with
2k + 1 negative kinks.
Proof. We need to prove the following identity:
Rˇ(2)(2)(T (2, 2k + 2); q, t)− Rˇ(2)(2)(T (2, 2k); q, t)(7.22)
≡ −2[2]2
(
Rˇ(2)(T (2, 2k + 1); q, t)− Rˇ(2)(U(−2k − 1); q, t)
)
mod [2]2{2}2.
By formula (7.19), we have
Rˇ(2)(2)(T (2, 2k); q, t) = 2[2]
2(Z(2)(2)(T (2, 2k); q, t) + Z(2)(2)((T (2, 2k))
∗; q, t))(7.23)
where (T (2, 2k))∗ denotes the link obtained by reversing the orientation of the second
component of T (2, 2k). Then
Z(2)(2)((T (2, 2k))
∗; q, t)(7.24)
=W[(2),(0)],[(0),(2)](T (2, 2k); q, t)− 2W[(2),(0)],[(0),(12)](T (2, 2k); q, t)
+W[(12),(0)],[(0),(12)](T (2, 2k); q, t)
and
Rˇ(2)(T (2, 2k + 1); q, t) = 2[2]Z(2)(T (2, 2k + 1); q, t),(7.25)
Rˇ(2)(U(−2k − 1); q, t) = 2[2]Z(2)(U(−2k − 1); q, t).(7.26)
In [1], we have proved the following formula (see Theorem 4.4 in [1]):
Zˇ(2)(2)(T (2, 2k + 2); q, t)− Zˇ(2)(2)(T (2, 2k); q, t)(7.27)
≡ −2[2]2Zˇ(2)(T (2, 2k + 1); q, t) mod [2]
2{2}2.
So in order to prove the formula (7.22), we only need to show
Zˇ(2)(2)(T (2, 2k + 2))
∗; q, t)− Zˇ(2)(2)(T (2, 2k))
∗; q, t)(7.28)
≡ 2[2]2Zˇ(2)(U(−2k − 1); q, t) mod [2]
2{2}2.
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By the formula (4.8), we have
W[(2),(0)][(0),(2)](T (2, 2k)) = s
#
(2),(2)(q, t) + q
−4kt−2ks#(1),(1)(q, t) + q
−4kt−4k(7.29)
W[(2),(0)][(0),(12)](T (2, 2k)) = s
#
(2),(12)(q, t) + t
−2ks#(1),(1)(q, t)(7.30)
W[(12),(0)][(0),(12)](T (2, 2k)) = s
#
(12),(12)(q, t) + q
4kt−2ks#(1),(1)(q, t) + q
4kt−4k.(7.31)
Thus
Zˇ(2)(2)((T (2, 2k))
∗; q, t) = [2]2
(
s#(2),(2)(q, t)− 2s
#
(2),(12)(q, t) + s
#
(12),(12)(q, t)(7.32)
+(q−4k − 2 + q4k)t−2ks#(1),(1)(q, t) + (q
−4k + q4k)t−4k
)
.
By the formula (3.26), we get
Zˇ(2)(2)((T (2, 2k))
∗; q, t)(7.33)
≡ (t2 − t−2)2 + (2t−4k − 2)(q2 − q−2)2 mod [2]2{2}2.
By the congruent framing change formula in [1](see Theorem 3.15 in [1]), we have
Zˇ(2)(U(−2k − 1); q, t) ≡ −t
−4k−2Zˇ(2)(U ; q, t) mod {2}
2(7.34)
= −t−4k−2(t2 − t−2) mod {2}2.
Therefore, we obtain
Zˇ(2)(2)((T (2, 2k + 2))
∗; q, t)− Zˇ(2)(2)((T (2, 2k))
∗; q, t)(7.35)
− 2[2]2Zˇ(2)(U(−2k − 1); q, t)
≡ (2t−4k−4 − 2t−4k)(q2 − q−2)2 + 2[2]2t−4k−2(t2 − t−2)
= (2t−4k−4 − 2t−4k)(q2 − q−2)2 + 2(t−4k − t−4k−4)(q2 − q−2)2
= 0 mod [2]2{2}2.
The proof is completed. 
8. Appendix
8.1. The expression for Rν. We use the notations A,B,C, .. and λ, µ, ν, ρ, σ, δ, ξ, η, τ, ...
to denote the partitions in P. Given two partitions λ = (λ1, .., λl(λ)) and µ = (µ1, ..., µl(µ)),
we use λ∪µ to denote the new partition with all its parts are given by λ1, .., λl(λ), µ1, ..., µl(µ).
Moreover, the summing notation
∑
B∪C=ν denotes the sum of all the partitions B and C
(including B, C = ∅) such that B ∪ C = ν. And the summing notation
◦∑
B∪C=ν
denotes the sum of all the partitions B and C with B 6= ∅ and C 6= ∅ such that B∪C = ν.
Since the Littlewood-Richardson coefficient cAλ,µ is given by
cAλ,µ =
∑
B,C
χλ(B)χλ(C)
zBzC
χA(B ∪ C).(8.1)
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The orthogonality of character formula gives∑
A
χA(µ)χA(ν)
zµ
= δµν .(8.2)
We have ∑
A
χA(ν)c
A
λ,µ =
∑
B∪C=ν
zν
zBzC
χλ(B)χµ(C)(8.3)
Since
Qλ,µ =
∑
σ,ρ,δ
(−1)|σ|cλσ,ρc
µ
σt,δQρQ
∗
δ(8.4)
= QλQ
∗
µ +
∑
σ,ρ,δ 6=∅
(−1)|σ|cλσ,ρc
µ
σt,δQρQ
∗
δ .
Rν =
∑
A
χA(ν)
∑
λ,µ
cAλ,µQλ,µ(8.5)
=
∑
B∪C=ν
zν
zBzC
∑
λ,µ
χλ(B)χµ(C)QλQ
∗
µ
+
∑
B∪C=ν
zν
zBzC
∑
λ,µ
χλ(B)χµ(C)
∑
σ,ρ,δ 6=∅
(−1)|σ|cλσ,ρc
µ
σt,δQρQ
∗
δ .
In the right hand side of the above formula, the first term I is
I =
∑
B∪C=ν
zν
zBzC
∑
λ,µ
χλ(B)χµ(C)QλQ
∗
µ =
∑
B∪C=ν
zν
zBzC
PBP
∗
C .(8.6)
Now we compute the second term II as follow. We write
cλσ,ρ =
∑
ξ,η
χσ(ξ)χρ(η)
zξzη
χλ(ξ ∪ η), c
µ
σt,δ =
∑
τ,π
χσt(τ)χδ(π)
zτzπ
χµ(τ ∪ π)(8.7)
By using the orthogonality relation (8.2) twice, we obtain
II =
∑
B∪C=ν
zν
zBzC
∑
σ,ρ,δ 6=∅
(−1)|σ|
◦∑
ξ∪η=B
zB
zξzη
χσ(ξ)χρ(η)
◦∑
τ∪π=B
zC
zτzπ
χσt(τ)χδ(π)QρQ
∗
δ(8.8)
=
∑
B∪C=ν
◦∑
ξ∪η=B
◦∑
τ∪π=C
zν
zξzηzτzπ
∑
σ,ρ,δ 6=∅
(−1)|σ|χσ(ξ)χσt(τ)χρ(η)χδ(π)QρQ
∗
δ .
Since χσt(τ) = (−1)|τ |−l(τ)χσ(τ), by using the orthogonality relation (8.2) again, we
obtain
II =
∑
B∪C=ν
◦∑
ξ∪η=B
◦∑
τ∪π=C
zν
zηzτzπ
∑
ρ,δ
(−1)l(τ)δξ,τχρ(η)χδ(π)QρQ
∗
δ(8.9)
=
∑
B∪C=ν
◦∑
τ∪η=B
◦∑
τ∪π=C
zν
zηzτzπ
(−1)l(τ)PηP
∗
π .
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Thus, we have
Rν =
∑
B∪C=ν
zν
zBzC
PBP
∗
C +
∑
B∪C=ν
◦∑
τ∪η=B
◦∑
τ∪π=C
zν
zηzτzπ
(−1)l(τ)PηP
∗
π .(8.10)
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